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Higher-order phases are characterized by corner or hinge modes that arise due to the interesting
interplay of localization mechanisms along two or more dimensions. In this work, we introduce and
construct a novel class of “hybrid” higher-order skin-topological boundary modes in non-reciprocal
systems with two or more open boundaries. Their existence crucially relies on non-reciprocal pump-
ing in addition to topological localization. Unlike usual non-Hermitian “skin” modes, they can exist
in lattices with vanishing net reciprocity due to the selective nature of non-reciprocal pumping:
While the bulk modes remain extended due to the cancellation of non-reciprocity within each unit
cell, boundary modes experience a curious spontaneous breaking of reciprocity in the presence of
topological localization, thereby experiencing the non-Hermitian skin effect. The number of possible
hybridization channels increases rapidly with dimensionality, leading to a proliferation of distinct
phases. In addition, skin modes or hybrid skin-topological modes can restore unitarity and are
hence stable, allowing for experimental observations and manipulations in non-Hermitian photonic
and electrical metamaterials.

Higher dimensions provide fertile settings for the fasci-
nating interplay between qualitatively distinct phenom-
ena. They not only support more sophisticated topolog-
ical invariants, order parameters and dimensional reduc-
tion paradigms [1–8], but also allow lower-dimensional
constituent phases to hybridize in novel ways [8–10].
Of late, much focus has been on phases with higher-
order (quadrupolar and beyond) topological polariza-
tions which, unlike conventional topological systems,
support protected modes at the boundary of the bound-
ary of a topological bulk [11–24]. Esoteric as they
seem, such phases are already experimental realities
in electronic, photonic, electrical and mechanical sys-
tems [23, 25–28].

Inspired by recent experimental [29–37] and theo-
retical [38–49] developments in non-Hermitian systems
where boundary localization can also occur due to non-
reciprocal pumping (the non-Hermitian “skin” effect [41–
43]), it is natural to ask if qualitatively new phases can
emerge from the simultaneous higher-order interplay be-
tween topological and non-reciprocal boundary pumping.
As we shall elaborate, the answer is a firm affirmative:
Not only do we find modes that are localized by both
types of pumpings, we also uncover a novel mechanism
of spontaneous breaking of reciprocity due to topological
localization. As such, topological and non-topological
modes are found to behave qualitatively differently in a
higher-order setting, with the former still experiencing
the skin effect even on a net-reciprocal lattice. These
resultant modes have no Hermitian, reciprocal, or non-
topological analog, and we shall henceforth refer to them
as hybrid skin-topological (ST) modes. Without com-
peting non-hybrid skin modes on a net-reciprocal lattice,
these ST modes, which are also often real, are expected
to dominate experimental measurements.

Non-reciprocal boundary modes – To convey the in-

sights behind our hybrid ST mechanism, we first lay
out a formalism describing the skin effect due to non-
reciprocity. Non-reciprocal lattices are characterized by
unbalanced couplings ta,b 6= tb,a between two lattice sites
a and b. When Hermiticity is also absent [50] (ta,b 6= t∗b,a),
the unbalanced couplings pump states towards their net
direction en masse, leading to modified topological pump-
ing [51–55] as well as extensive boundary accumulation
known as the skin effect [40, 41, 45]. In contrast to
topological boundary modes, the skin boundary modes
are not topological, and can emerge even in a one-band
model.

The extent and direction of the skin effect experi-
enced by an eigenmode under open boundary condi-
tions (OBCs) can be quantified by the magnitude and
sign of the decay length L, which can be obtained via
complex analytical continuation of the Bloch momentum
k → k̃ = k + iκ. Specifically, for a momentum-space
Hamiltonian H(k), the inverse decay length L−1 is given
by the smallest |κ| [56–60] for which

Det[H(k + iκ)− E I] = 0 (1)

is at least doubly degenerate in κ [45]. Consider for illus-
tration a 1D monoatomic chain along x̂ with unbalanced
couplings [Fig. 1(a)]:

H1D skin =
∑
x

t+ĉ
†
x+1ĉx + t−ĉ

†
xĉx+1 (2)

with H1D skin(k̃) = t+e
−ik̃ + t−e

ik̃ = E. To solve for the
skin modes E, we find solutions k̃µ, k̃ν of H1D skin(k̃) = E
with degenerate κµ = κν . A short computation yields

eik̃µ,ν = eikµ,νe−κµ,ν =
(
E ±

√
E2 − 4t+t−

)
/(2t−),

from which κµ = κν yields the loci of the skin modes
E ∈ R, |E| < 2

√
t+t− [gray line in Fig. 1(c)], which lies

within the periodic boundary condition (PBC) eigenen-
ergy loci E = t+e

−ik + t−e
ik [brown curve in Fig. 1(c)].
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FIG. 1. (a) The 1D monoatomic non-reciprocal lattice of
H1D skin, and the squared skin eigenmode amplitudes summed
over all eigenmodes ρ(x) =

∑
n |ψn(x)|2 vs lattice site in-

dex x with t± = 1 ± 0.8. (b) The 2D monoatomic non-
reciprocal lattice of H2D skin, and ρ(x, y) =

∑
n |ψn(x, y)|2

for tx,y± = 1 ± 0.8. (c) PBC bulk spectrum (brown loop)
of H1D skin with real OBC skin spectrum (gray) in its inte-
rior, blue-magenta curves representing the PBC-OBC (bulk-
skin) interpolation. (d) Spectra of H2D skin under double PBC
(brown) and x-OBC/y-PBC skin modes (gray) in E-ky space.
(e) Double PBC spectrum (brown) and x-OBC/y-PBC (gray)
spectra from (d), together with the real double OBC (black)
spectrum, which is the result of the combined skin effects from
both x and y directions.

In this simple model, all skin modes possess the decay

length L1D skin =
[
log
√
|t+/t−|

]−1
, which appear at the

left/right boundary depending on whether |t−| > |t+| or
|t+| > |t−|. This is quantified by the summed squared
eigenmode amplitude ρ(r) =

∑
n |ψn(r)|2 (see Fig. 1),

where ψn(r) is the amplitude of the n-th eigenmode on
site r, and the summation runs over all eigenmodes.

Generically, OBC skin modes can be extrapolated from
the PBC eigenmodes by mathematically increasing κ
from zero to L−11D skin i.e. along the blue-magenta curves
of Fig. 1(c). It can be shown that [45] in the OBC limit,
the (skin) spectrum [grey line in Fig. 1(c)] converge along
arcs or lines, which are exactly where κ is doubly degen-
erate. Jumps in the biorthogonal polarization [42] occur
when the skin arcs touch at E = 0. The key take-home
picture is that the skin effect (non-reciprocity) collapse
the PBC spectra, which are generically closed loops, into
open lines or arcs under OBCs. No κ spectral flow and
hence skin effect occurs in reciprocal systems, since their
PBC spectra are already lines or arcs.

Fig. 1(c) also suggests that the OBC skin spectrum can
be real even when the PBC spectrum extends deep into
the complex plane. The boundaries thus serve to restore
unitary time evolution i.e. enforce probability-conserving
time-evolution by suppressing attenuation or instabili-
ties along periodic spatial paths, which is very helpful
experimentally. In this case, the reality of the skin spec-
trum follows from the observation that under OBCs, the

H1D skin(k) lattice is gauge equivalent to that of a Her-

mitian Hamiltonian H1D skin

(
k + i log

√
|t−/t+|

)
, which

has a real spectrum [41, 45]. More generally, real skin
spectra can be inferred from the symmetry of PBC loops
under complex conjugation.

Higher-order skin effect – To complete the neces-
sary formalism for describing hybrid ST modes, we next
outline how to treat the non-reciprocal skin effect un-
der multiple OBC directions. In such settings, non-
reciprocal pumping leads to boundary skin mode accu-
mulation along each OBC direction, leading to higher-
order corner skin modes. For concreteness, consider a
2D generalization of our 1D non-reciprocal monoatomic
lattice of Eq. (2) [Fig. 1(b)]:

H2D skin(k) = tx+e
−ikx + tx−e

ikx + ty+e
−iky + ty−e

iky . (3)

Under PBCs along both directions (double PBCs), the
spectrum consists of a series of closed kx spectral loops
parameterized by ky, which collectively form a torus in
the 3D space indexed by (ReE, ImE, ky), as shown in
Fig. 1(d). OBCs in the x-direction (x-OBC/y-PBC)
yield ky-dependent 1D skin edge modes given by E′ =
E − ty+e−iky − t

y
−e

iky ∈ R, |E′| < 2
√
tx+t

x
−, which form

a strip-like spectrum within the double PBC torus of
Fig. 1(d). Introducing OBCs also in the y-direction (dou-
ble OBCs), the 1D skin edge modes will also accumu-
late along the y-direction, forming 0D skin corner modes

[Fig. 1(b)] with spectra [61] |E| < 2(
√
tx+t

x
− +

√
ty+t

y
−),

E ∈ R [black line within gray loops in Fig. 1(e)]. Anal-
ogous to 1D skin modes, 2D higher-order skin corner
modes can be quantified by inverse decay lengths from
the twice analytically-continued complex momentum, as
elaborated in the Supplementary materials.

Destructive interference of non-reciprocity – To set
the stage for ST hybrid modes, we minimally require a
2D lattice with 2 sites per unit cell in each direction.
This allows sufficient degrees of freedom for topological
localization as well as the key prerequisite destructive
interference of non-reciprocity. Consider a 4-band model
with 2 sublattices in each direction x̂ and ŷ:

Ĥ4-band =
∑
k

η̂†k


0 0 H1,− H3,+

0 0 −H∗4,+ H∗2,−
H∗1,+ −H4,− 0 0
H∗3,− H2,+ 0 0

 η̂k (4)

in the basis η̂†k = (â†k, b̂
†
k, ĉ
†
k, d̂
†
k)T , with Hj,± = tx ±

δj + t′e−ikx for j = 1, 2 and Hj,± = ty ± δj + t′e−iky for
j = 3, 4. It is a mesh of 2 different non-reciprocal Su-
Schrieffer-Heeger (SSH) models in each direction [41, 46,
62, 63] [Fig. 2(a)], and hence possesses the chiral symme-
try τ̄zH4-band(k)τ̄z = −H4-band(k), τ̄z = τz ⊗ I. The δj ’s
quantify the non-reciprocal pumping influence in each
acbd plaquette [Fig. 2(a)]; when they all vanish, Ĥ4-band

reduces to the well-studied Hermitian second-order topo-
logical model [11, 12, 22]. The additional symmetry
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FIG. 2. (a) Our 4-band model Ĥ4-band with unit cell plaquette (a, c, b, d), with tx = ty = 1 and t′ = 2 as an example. (b-d)
Corner (2nd-order) skin effect from constructive interference of non-reciprocities δ1,2,3,4 = 0.4,−0.4,−0.8, 0.8, and (e-g) edge
skin modes along ŷ due to cancellation of x-direction non-reciprocities, with δ1,2,3,4 = 0.4, 0.4,−0.8, 0.8. (b,e) The eigenmode
distribution, with darker and larger circles indicating larger summed squared amplitude ρ(x, y) and sublattices indicated by
color as in (a). Black arrows in the insets represent the directions of net microscopic couplings. (c,f) Double PBC (brown) and
x-OBC/y-PBC (gray) spectra in E-ky space. (d,g) Spectra in (c,f) from above, together with double OBC (black) spectra,
showing 0D skin corner modes (d) and 1D skin edge modes (g), where the double PBC spectrum exhibit arcs instead of loops
due to net x-direction reciprocity.

H4-band(k) = H∗4-band(−k) enforces E(k) = E∗(−k),
leading to skin spectra symmetric about the real axis.
Of them, many modes are real and exhibiting unitary
time evolution, in analogy to those of the previously men-
tioned monoatomic lattice.

When non-reciprocities along both directions of each
plaquette do not destructively interfere (δ1 6= δ2, δ3 6=
δ4), we obtain skin corner modes [large blobs in Fig. 2(b)]
like in our 1-band model. The double OBC spectrum
(black) lies in the interior of the x-OBC/y-OBC spectrum
(gray), which in turn lies in the interior of the double
PBC spectral loops (brown), indicative of both x and
y-direction skin effects [Fig. 2(c,d)]. Due to nontrivial
topological winding, a topological corner mode at E = 0
is simultaneously present[61].

Consider next the case of Fig. 2(e), where the net
non-reciprocities cancel along the x but not y-direction
(δ1 = δ2, δ3 = −δ4). We observe the skin effect only in
the y-direction, as evident from the mode accumulation
on the top but not the left or right edges. Additionally,
topological corner modes are also present at the top left
corner (x = 1, y = 20), although they do not scale exten-
sively with system length, in contrast to the skin modes.
The x-direction skin effect is seen to be absent, because
the PBC spectra already form strips [Fig. 2(f)] or arcs
[Fig. 2(g)] that preclude imaginary flux evolution and
hence non-reciprocal pumping between the double-PBC
(brown) and x-OBC/y-PBC (gray) spectra.

Hybrid skin-topological modes – We now describe the
most intriguing and novel scenario of having hybrid skin-

topological (ST) corner modes, whose existence requires
both topological protection and the skin effect. With cou-
plings arranged such that the non-reciprocities cancel in
both directions (Fig. 3), no skin effect is observed under
OBCs in either direction, as expected from the vanish-
ing net non-reciprocity. Yet, surprisingly, skin modes are
still observed when OBCs are taken in both directions!

This conundrum is resolved by realizing that the dou-
ble OBC corner modes [Fig. 3(b)] arise from the skin
effect on the first-order topological modes [Fig. 3(a)]
possessing unequal amplitudes on different sublattices.
Not experiencing the full destructive interference of
non-reciprocity, they are thus locally non-reciprocal
(Fig. 3b). Such spontaneous breaking of sublattice sym-
metry and hence non-reciprocity is generic among topo-
logical modes, and gives rise to a new class of hybrid ST
boundary modes. Apparent in Fig. 3(c,d), both the dou-
ble PBC (brown) and x-OBC/y-PBC bulk (gray) spectra
consists of arcs (i.e. strips along ky) and hence admit no
skin effect. Yet, the x-OBC/y-PBC topological bound-
ary mode (gray) is a locally non-reciprocal spectral loop
which admits hybrid skin-topological modes arcs (black)
in its interior [61]. As distinct from skin corner modes ex-
tensive in system area, hybrid ST modes scale with the
system length. Furthermore, as one intriguing feature,
hybrid ST modes emerge here with bulk modes being ex-
tended. Though the skin effect itself is not topological,
our analysis in the Supplementary Material [61] shows
that hybrid ST modes are featured by the Chern number
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(a) (b)

(c) (d)

FIG. 3. (a,b) Spontaneous breaking of net reciprocity with
topological modes, for δ1,2,3,4 = 0.4, 0.4,−0.8,−0.8. (a)
Density profile of 1D topological edge modes x-OBC/y-PBC
(cylinder geometry), indicating net local non-reciprocity de-
spite balanced non-reciprocity in each unit cell (black arrows
represent net coupling non-reciprocity). (b) ρ(x, y) plotted as
in Fig. 2(b,e) shows hybrid ST modes under double OBCs.
(c) Double PBC (brown) and x-OBC/y-PBC (gray) spectra
in E-ky space, with distinct topological edge modes. (d) The
spectra of (c) together with double OBC (black) spectrum.
Net reciprocity leads to no skin effect (arcs) for most modes,
except for the topological mode loops (gray) that produce
hybrid ST modes (black) at their interiors [61].

and a Berry phase [61].
Higher dimensional generalizations – In a generic d-

dimensional lattice, each dimension can contribute skin
(S) or topological (T) boundary modes, or neither (0).

Hence there exist a total of
(
d+2
2

)
− 1 = d(d+3)

2 classes of
nontrivial higher-order boundary modes, with the num-
ber of 0’s giving the mode’s spatial dimension. For in-
stance, the 5 classes of d = 2 are T0, S0, TT, SS and ST,
with the first two being topological and skin edge modes
and the last three being corner modes. Of them, ST
[Fig. 3] is the hybrid mode, while SS and S0 correspond
to Figs. 2(b-d) and Figs. 2(e-g) respectively.

Of all these nontrivial classes,
(
d+2
2

)
− 1− 2d = d(d−1)

2
contain hybrid modes. For instance, the hybrid mode
classes for d = 3 are SST, STT and ST0, correspond-
ing to skin-skin-topological, skin-topological-topological
hybrid corner modes and skin-topological hybrid hinge
modes respectively. Since the sequence for taking open
boundaries is of no physical significance, permutations
of T,S and 0 lead to no new classes. Being extensive,
the total density of skin-topological modes scale with the
system length L like Ls, where s is the number of S’s.

For concreteness, we realize the STT, SST and ST0
classes with a 3D lattice comprising stacks of our 2D
model Ĥz

4-band (Eq. 4) at different heights z [Fig. 4(a)]:

Ĥ3D =
∑
z

Ĥz
4-band +

∑
x,y,z;α,±

tα,±α̂
†
x,y,zα̂x,y,z∓1, (5)

tα,± = tα ± δα, α = a, b, c, d sublattices. Like before,

(a)

x
y

z

(b)

(d)(c)

FIG. 4. (a) 3D lattice Ĥ3D from stacks of 2D Ĥ4-band. (b-
d) Total site-resolved density ρ(x, y, z) of corner and hinge
modes, with darker and larger circles indicating larger normal-
ized amplitudes, and color indicating sublattice localization.
The parameters are tx,y = 1 and t′ = 2 unless stated other-
wise; and ẑ couplings are given by tα=1, δa,c = −δb,d = 0.8.
(b) STT corner modes from stacks of Hermitian 2D 2nd-order
topological TT lattices, with δ1,2,3,4 = 0. (c) SST corner
modes from stacks of non-Hermitian hybrid ST lattices, with
δ1,2 = −δ3,4 = 0.8. (d) ST0 hinge modes from stacks of
Hermitian 2D weak topological (T0) lattices with 1D edge
modes [22], with δ1,2,3,4 = 0, and ty between a, d sublattices
is chosen to be −5.

we set the four δα’s to yield no net non-reciprocity along
ẑ (δa,c = −δb,d), so that resultant hybrid modes have

no known analogs. Since Ĥ3D is monoatomic in the z-
direction for simplicity, it can only support the skin effect
(S), and the other two possibilities of SS0 and SSS in this
model are shown in the supplementary materials.

In Fig. 4(b), we realize the STT phase by stacking 2D
layers of Hermitian 2nd-order topological lattices (TT)
with δ1,2,3,4 = 0. Its four topological corner modes are
driven to the top and bottom layers, corresponding to
the non-reciprocities of the hinges along ẑ. By stack-
ing our hybrid 2D skin-topological systems (ST) with
symmetrized non-reciprocities δ1,2 = −δ3,4 = 0.8, we
also obtain the SST phase [Fig. 4(c)]. Its two groups
of hybrid ST corner modes localize along a pair of diag-
onal hinges with both downward non-reciprocities, and
are thus both driven to the bottom. Note the difference
in normalized corner mode weightage between the STT
and SST cases, whose mode densities scale like L and L2

respectively. Last but not least, the 2D model Ĥz
4-band

with modified couplings has a weak topological insulating
phase (T0) [22], whose 1D edge modes combine to form
2D (x̂-ẑ or ŷ-ẑ) surface modes in the 3D system, and are
pumped into 1D hinge modes by the skin effect along z
direction, as shown in Fig. 4(d).

Discussion – In non-reciprocal systems, boundary
modes can arise from both topological and non-reciprocal
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pumping. By developing a formalism that treats both ef-
fects on equal footing, we investigated their exciting in-
terplay in a higher-order setting. The highlight of this
work is the discovery of hybrid skin-topological (ST)
modes, whereby lower-order topological modes sponta-
neously break the net reciprocity and host higher-order
hybrid skin-topological modes with no Hermitian or non-
topological analog. A plethora of different hybridization
classes exists in higher dimensions, epitomizing the ex-
citing interplay of non-reciprocity, topology and bound-
ary effects. While reciprocity-breaking leads to com-
plex spectrum in general, skin modes or hybrid skin-
topological modes are of significant experimental interest
because they can be real and are hence stable. It should
be also fruitful to study disorder or interaction effects on
the ST modes, with the expectation that disorder or in-
teraction may also have an impact on the net reciprocity.

Acknowledgements.– C.H.L and L.L. contributed
equally to this work. J. G. acknowledges support by Sin-
gapore Ministry of Education Academic Research Fund
Tier I (WBS No. R-144-000-353-112) and by the Singa-
pore NRF grant No. NRF-NRFI2017-04 (WBS No. R-
144-000-378-281).

∗ calvin-lee@ihpc.a-star.edu.sg
† phylli@nus.edu.sg
‡ phygj@nus.edu.sg

[1] Shinsei Ryu and Tadashi Takayanagi, “Holographic
derivation of entanglement entropy from the anti–de sit-
ter space/conformal field theory correspondence,” Phys-
ical review letters 96, 181602 (2006).

[2] Y-Y Shi, L-M Duan, and Guifre Vidal, “Classical simu-
lation of quantum many-body systems with a tree tensor
network,” Physical review a 74, 022320 (2006).

[3] Andreas P. Schnyder, Shinsei Ryu, Akira Furusaki, and
Andreas W. W. Ludwig, “Classification of topological
insulators and superconductors in three spatial dimen-
sions,” Phys. Rev. B 78, 195125 (2008).

[4] Jeffrey C. Y. Teo and C. L. Kane, “Topological defects
and gapless modes in insulators and superconductors,”
Phys. Rev. B 82, 115120 (2010).

[5] Shinsei Ryu, Andreas P Schnyder, Akira Furusaki, and
Andreas W. W. Ludwig, “Topological insulators and su-
perconductors: tenfold way and dimensional hierarchy,”
New Journal of Physics 12, 065010 (2010).

[6] Ching-Kai Chiu, Jeffrey C. Y. Teo, Andreas P. Schnyder,
and Shinsei Ryu, “Classification of topological quantum
matter with symmetries,” Rev. Mod. Phys. 88, 035005
(2016).

[7] Yingfei Gu, Ching Hua Lee, Xueda Wen, Gil Young
Cho, Shinsei Ryu, and Xiao-Liang Qi, “Holographic
duality between (2+ 1)-dimensional quantum anomalous
hall state and (3+ 1)-dimensional topological insulators,”
Phys. Rev. B 94, 125107 (2016).

[8] Xiao-Liang Qi, Taylor L Hughes, and Shou-Cheng
Zhang, “Topological field theory of time-reversal invari-
ant insulators,” Phys. Rev. B 78, 195424 (2008).

[9] Shou-Cheng Zhang and Jiangping Hu, “A
four-dimensional generalization of the quan-
tum hall effect,” Science 294, 823–828 (2001),
http://science.sciencemag.org/content/294/5543/823.full.pdf.

[10] Xiao Zhang, Youjian Chen, Yuzhu Wang, Jun Yu
Lin, Nai Chao Hu, Bochen Guan, and Ching Hua
Lee, “Entangled multi-component 4d quantum hall
states from photonic crystal defects,” arXiv preprint
arXiv:1710.08385 1710.08385.

[11] Wladimir A Benalcazar, B Andrei Bernevig, and Tay-
lor L Hughes, “Quantized electric multipole insulators,”
Science 357, 61–66 (2017).

[12] Wladimir A. Benalcazar, B. Andrei Bernevig, and Tay-
lor L. Hughes, “Electric multipole moments, topological
multipole moment pumping, and chiral hinge states in
crystalline insulators,” Phys. Rev. B 96, 245115 (2017).

[13] Josias Langbehn, Yang Peng, Luka Trifunovic, Felix von
Oppen, and Piet W. Brouwer, “Reflection-symmetric
second-order topological insulators and superconduc-
tors,” Phys. Rev. Lett. 119, 246401 (2017).

[14] Zhida Song, Zhong Fang, and Chen Fang, “(d − 2)-
dimensional edge states of rotation symmetry protected
topological states,” Phys. Rev. Lett. 119, 246402 (2017).

[15] Eslam Khalaf, “Higher-order topological insulators and
superconductors protected by inversion symmetry,”
Phys. Rev. B 97, 205136 (2018).

[16] Flore K. Kunst, Guido van Miert, and Emil J. Bergholtz,
“Lattice models with exactly solvable topological hinge
and corner states,” Phys. Rev. B 97, 241405 (2018).

[17] Motohiko Ezawa, “Higher-order topological insulators
and semimetals on the breathing kagome and pyrochlore
lattices,” Phys. Rev. Lett. 120, 026801 (2018).

[18] Motohiko Ezawa, “Topological switch between second-
order topological insulators and topological crystalline
insulators,” Phys. Rev. Lett. 121, 116801 (2018).

[19] Frank Schindler, Ashley M. Cook, Maia G. Vergniory,
Zhijun Wang, Stuart S. P. Parkin, B. Andrei
Bernevig, and Titus Neupert, “Higher-order topologi-
cal insulators,” Science Advances 4 (2018), 10.1126/sci-
adv.aat0346.

[20] Yichen Xu, Ruolan Xue, and Shaolong Wan, “Topo-
logical corner states on kagome lattice based chi-
ral higher-order topological insulator,” arXiv preprint
arXiv:1711.09202 1711.09202v2.

[21] Bi Ye Xie, Hong Fei Wang, Hai-Xiao Wang, Xue Yi Zhu,
Jian-Hua Jiang, Ming Hui Lu, and Yan Feng Chen,
“Second-order photonic topological insulator with corner
states,” arXiv preprint arXiv:1805.07555 1805.07555v3.

[22] Linhu Li, Muhammad Umer, and Jiangbin Gong, “Di-
rect prediction of corner state configurations from edge
winding numbers in 2d and 3d chiral-symmetric lattice
systems,” arXiv preprint arXiv:1808.10310

[23] Motohiko Ezawa, “Electric-circuit realization of
non-hermitian higher-order topological systems,”
1810.04527v1.

[24] S. Franca, J. van den Brink, and I. C. Fulga, “An anoma-
lous higher-order topological insulator,” 10.1103/Phys-
RevB.98.201114, 1807.09050v2.

[25] Marc erra Garcia, Valerio Peri, Roman Ssstrunk,
Osama R. Bilal, Tom Larsen, Luis Guillermo Vil-
lanueva, and Sebastian D. Huber, “Observation of a
phononic quadrupole topological insulator,” Nature 555,
342 (2018).

[26] Christopher W. Peterson, Wladimir A. Benalcazar, Tay-

mailto:calvin-lee@ihpc.a-star.edu.sg
mailto:phylli@nus.edu.sg
mailto:phygj@nus.edu.sg
http://dx.doi.org/10.1103/PhysRevB.78.195125
http://dx.doi.org/10.1103/PhysRevB.82.115120
http://dx.doi.org/10.1103/RevModPhys.88.035005
http://dx.doi.org/10.1103/RevModPhys.88.035005
http://dx.doi.org/10.1126/science.294.5543.823
http://arxiv.org/abs/http://science.sciencemag.org/content/294/5543/823.full.pdf
http://arxiv.org/abs/1710.08385v2
http://dx.doi.org/ 10.1103/PhysRevB.96.245115
http://dx.doi.org/ 10.1103/PhysRevLett.119.246401
http://dx.doi.org/10.1103/PhysRevLett.119.246402
http://dx.doi.org/10.1103/PhysRevB.97.205136
http://dx.doi.org/10.1103/PhysRevB.97.241405
http://dx.doi.org/10.1103/PhysRevLett.120.026801
http://dx.doi.org/ 10.1103/PhysRevLett.121.116801
http://dx.doi.org/10.1126/sciadv.aat0346
http://dx.doi.org/10.1126/sciadv.aat0346
http://arxiv.org/abs/1711.09202v2
http://arxiv.org/abs/1805.07555v3
http://arxiv.org/abs/1810.04527v1
http://dx.doi.org/ 10.1103/PhysRevB.98.201114
http://dx.doi.org/ 10.1103/PhysRevB.98.201114
http://arxiv.org/abs/1807.09050v2
http://dx.doi.org/10.1038/nature25156
http://dx.doi.org/10.1038/nature25156


6

lor L. Hughes, and Gaurav Bahl, “A quantized mi-
crowave quadrupole insulator with topologically pro-
tected corner states,” Nature 555, 346 (2018).

[27] Stefan Imhof, Christian Berger, Florian Bayer, Johannes
Brehm, Laurens W Molenkamp, Tobias Kiessling, Frank
Schindler, Ching Hua Lee, Martin Greiter, Titus Neu-
pert, et al., “Topolectrical-circuit realization of topolog-
ical corner modes,” Nature Physics 14, 925 (2018).

[28] Frank Schindler, Zhijun Wang, Maia G. Vergniory, Ash-
ley M. Cook, Anil Murani, Shamashis Sengupta, Alik Yu.
Kasumov, Richard Deblock, Sangjun Jeon, Ilya Drozdov,
Hlne Bouchiat, Sophie Guron, Ali Yazdani, B. Andrei
Bernevig, and Titus Neupert, “Higher-order topology in
bismuth,” Nature Physics 14, 918 (2018).

[29] Ling Lu, John D. Joannopoulos, and Marin Soljai,
“Topological photonics,” Nature Photonics 8, 821 (2014).

[30] Tomoki Ozawa, Hannah M. Price, Alberto Amo, Nathan
Goldman, Mohammad Hafezi, Ling Lu, Mikael Rechts-
man, David Schuster, Jonathan Simon, Oded Zilberberg,
and Iacopo Carusotto, “Topological photonics,” arXiv
preprint arXiv:1802.04173 1802.04173v1.

[31] Simon Malzard, Charles Poli, and Henning Schome-
rus, “Topologically protected defect states in open pho-
tonic systems with non-hermitian charge-conjugation and
parity-time symmetry,” Phys. Rev. Lett. 115, 200402
(2015).

[32] Simon Malzard and Henning Schomerus, “Bulk and edge-
state arcs in non-hermitian coupled-resonator arrays,”
Phys. Rev. A 98, 033807 (2018).

[33] Stefano Longhi, “Parity-time symmetry meets photonics:
A new twist in non-hermitian optics,” 1802.05025v1.

[34] Bo Zhen, Chia Wei Hsu, Yuichi Igarashi, Ling Lu,
Ido Kaminer, Adi Pick, Song-Liang Chua, John D
Joannopoulos, and Marin Soljačić, “Spawning rings of
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Supplemental Online Material for “Hybrid higher-order skin-topological modes in
non-reciprocal systems”

By Ching Hua Lee, Linhu Li and Jiangbin Gong

This supplementary contains the following material arranged by sections:

1. Competition between non-reciprocal and topological localization through the SSH model

2. Detailed discussion on the second-order skin effect

3. Illustration of PBC-OBC interpolations, with special focus on the hybrid skin-topological modes

4. Topological characterization of hybrid skin-topological modes

5. SS0 and SSS modes in the 3D model

I. NON-RECIPROCAL TOPOLOGICAL MODES IN 1D

In the main text, we have made references to topological modes in non-reciprocal systems, where a competition
exists between topological localization and the skin effect. To illustrate this, and also to understand the 4-band model
in the main text more deeply, consider the non-reciprocal Su-Schrieffer-Heeger (SSH) model

HSSH(k) = (t+ t′ cos k)σx + (iδ + t′ sin k)σy (S1)

with σx, σy the Pauli matrices. The effect of non-reciprocity is to make the SSH chain “look different” from either end.
Without δ, a Hermitian SSH chain has a topological boundary mode at both ends if |t| < |t′| (assuming sublattices with

ABAB...AB termination), with both left/right boundary modes having a decay length L = −
[
log | tt′ |

]−1
. But when

the non-reciprocal hopping δ is present, the non-Hermitian SSH chain becomes topologically nontrivial if [41, 45, 46]√
t2 − δ2 < |t′|, with generically unequal left/right decay lengths

Lleft = −
[
log

∣∣∣∣ t− δt′
∣∣∣∣]−1

Lright = −
[
log

∣∣∣∣ t+ δ

t′

∣∣∣∣]−1 (S2)

as shown in Fig. S1. At small non-reciprocity δ, we have L−1left/right ≈ ∓ log |t/t′|, i.e. almost identically decaying

modes on each boundary. But at large δ, both modes can accumulate on the same boundary: the right/left boundary
mode disappears and reappears on the left/right when ±t δ > 0 and |t± δ| > |t′|.

(a) (b) (c)

FIG. S1. a-c) Plots of Lleft (blue) and Lright (red) as a function of t for δ = 0.01, 0.5, 1 and t′ = 1, corresponding to a,b and
c subfigures. The topological region is shaded in yellow. For very small δ, the left and right modes have almost equal decay
lengths. As δ grows, the decay length can become negative, which physically corresponds to a positive decay length on the
other edge. At large δ, i.e. δ = 1 (c), both edge modes exists at the left, leaving none on the right, even in the topological
(yellow) region.
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II. SECOND-ORDER SKIN MODES

Consider a 2D non-reciprocal Hamiltonian H(k) with k = (kx, ky), 1D edge skin modes are obtained by taking
OBCs in one direction, say x̂, and can be effectively represented by a complex non-Bloch momentum mode with
inverse decay length κx(k) determined by Eq. (2) in the main text. κx(k) generically depends on k because the
PBC modes at different k may “collapse” into skin modes under different amounts of imaginary flux. The effective
Hamiltonian for x-OBCs is hence given by H (kx + iκx(k), ky). Likewise, if OBCs are also taken in the y-direction,
resultant skin corner modes will be governed by the effective Hamiltonian

H(k̃) = H (kx + iκx(k), ky + iκy(k)) (S3)

with the inverse decay length κy(k) similarly determined by Eq. (2) in the main text. In higher dimensions, this
procedure can be repeated ad infinitum until 0D corner modes with inverse decay lengths κx(k), κy(k) ... are obtained.

Here, we provide a more detailed derivation of the second-order skin mode results of the simplest illustrative model
from Fig. 1(b) of the main text. It is a 2D monoatomic lattice model given by

H2D skin(k) = tx+e
−ikx + tx−e

ikx + ty+e
−iky + ty−e

iky . (S4)

As explained, under PBCs along both directions (double PBCs), the spectrum consists of a series of closed kx spectral
loops parametrized by ky. Equivalently, it can also be considered as a series of closed ky spectral loops parametrized
by kx. As such, it traces out a projection of a torus in the complex E plane. This is illustrated in the center panel of
Fig. S2, with model parameters slightly deformed from the main text for additional graphical clarity.

When taking boundary conditions, the system can be taken as a 1D model in the direction of the OBC, with
the other momentum taken as parameters. From the main text on the 1D 1-band model, OBCs in the x-direction
(x-OBC/y-PBC) yield ky-dependent skin modes in 1D given by

E′ = E − ty+e−iky − t
y
−e

iky ∈ R,
|E′| < 2

√
tx+t

x
−. (S5)

As a parameter, ky modifies the effective energy E′ but does not affect κx. This can be seen in the top panel of
Fig. S2, where the x-OBC/y-PBC spectrum (gray) consists of straight lines (effective 1D skin modes) with centers
displaced by ty+e

−iky +ty−e
iky . Further introducing OBCs also in the y-direction (double OBC), these effective 1D skin

modes will accumulate at the top or bottom edges, forming the 0D skin corner modes. Geometrically, each eigenmode
on the gray straight lines lies in an ellipse parametrized by ky, and can thus still undergo another iteration of the skin
effect pumping even though they already belong to an x-OBC spectra.

Repeating an almost exact computation as in the 1D derivation, but with E replaced by E′, we obtain

|E| < 2(
√
tx+t

x
− +

√
ty+t

y
−), E ∈ R (S6)

as the loci of the skin corner modes, which lies within in the interior of the x-OBC/y-PBC loops [yellow line
within bottom panel of Fig. S2]. Their spatial location depends on the sign of the decay lengths Lv2D skin = κ−1v =[
log
√
|tw+/tw−|

]−1
, w = x, y: e.g. skin modes accumulate on the top right corner if Lx2D skin > 0 and Ly2D skin > 0.

Note that while the inverse decay lengths κv are independent of Bloch momentum k in this simple model, in
general they are not. Suppose we add further couplings beyond the nearest-neighbor terms e±ik, or multiple bands,
such that the PBC loops do not possess any geometric symmetry. Obviously then, their interior complex flux threading
trajectories will no longer be symmetrical, and will terminate at degenerate arcs at different complex distances (κ(k))
that are dependent on the original PBC starting point k. An example with more than 1 band is shown in Fig. S3,
which features the 4-band model H4-band from the main text with second-order skin corner modes, t′ adjusted to
0.5 for greater graphical clarity. Its PBC loops cannot be easily deformed into rotationally-symmetric shapes, unlike
ellipses, hence resulting in k-dependent κx(k) and κy(k).
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(a)

FIG. S2. Higher-order spectrum of H2D skin under different boundary conditions. Parameters are tx+ = 0.9, tx− = 0.7, ty+ =
0.3, ty− = 1. In the bottom panel, the skin modes (yellow) are skin modes of the skin modes (gray) of the PBC modes (brown),
and lie on the real axis due to reflection symmetry about it.
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(a)

FIG. S3. Double PBC (brown), x-OBC/y-PBC (gray) and double OBC (yellow) spectra of H4-band of the main text with
t′ = 0.5, tx = ty = 1 and δ1,2,3,4 = 0.4,−0.4,−0.8, 0.8. The second-order skin effect is manifestly presented too, but with
k-dependent κx(k) and κy(k).

III. PBC-OBC INTERPOLATIONS FOR H4-band

We now explicitly demonstrate how the PBC-OBC interpolation can be visualized using the technique of imaginary
flux evolution, as first put forth by Ref. [45]. To apply it, the key concept to understand is that the PBC-OBC
evolution entails PBC eigenmodes moving from the PBC loop (with real momentum) into its interior, terminating
only when the loop degenerates into arcs, lines or points. During this evolution, the eigenmodes necessarily become
spatially localized (non-Bloch), because all extended Bloch states must lie on the PBC loop, where Im k̃ = κ = 0. Note
that this evolution is only nontrivial in non-reciprocal lattices, since a reciprocal spectrum satisfies E(k) = E(−k)
and hence necessarily retraces back onto itself in an arc/line, which has no interior.
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(a)

(b)

(c)

FIG. S4. The x-OBC/y-PBC (gray) to double OBC (yellow) spectral flows (blue-purple) for the cases in Figs. 2d (a), 2g (b)
and Fig. 3d (c) of the main text. Here the flow is taken with respect to the y-direction OBC, with the effective system being
the 1D y-direction chain of x-OBC supercells. Notably, only the 1D topological edge modes (gray loops) exhibit imaginary
spectra flow (skin effect) into the loop interior, leading to hybrid skin-topological modes.
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IV: TOPOLOGICAL CHARACTERIZATION OF HYBRID SKIN-TOPOLOGICAL MODES

The existence of hybrid skin-topological modes requires both topological effect and non-Hermitian skin effect along
the boundaries. In the case of Fig. 3 in the main text, the topological aspect of the hybrid corner modes arises from
the 1D topological boundary modes under x-OBC/y-PBC. With some further analysis, we find that there exist at
least two types of transitions as shown in Fig. S5 and S6, where we fix the intracell hoppings and the strength of
non-reciprocity, and change the value of the intercell hopping t′.

When t′ is small, the four bands are separated in the complex plane with no boundary mode connecting them,
as shown in Fig. S5(a). Increasing t′ will induce a topological phase transition at t′ ' 0.2 for the parameters we
choose, where the energy-bands touch each other at the real axis when ky = 0. After this transition, the system
develops a pair of chiral-like 1D boundary modes in its imaginary spectrum [Fig. S5(c2)], which then become the
hybrid skin-topological corner modes shown in Fig. S5(c4). Defining the Chern number Cn for the nth band as

Cn =
1

2π

∫∫
dkxdky(∂kxAn,ky − ∂kyAn,kx), An,α =

i〈ψLn |∂α|ψRn 〉
〈ψLn |ψRn 〉

, (S7)

we find that Cn takes the value of ±1 in the presence of the above boundary modes, as indicated on the figure panel.
On the other hand, we have Cn = 0 for each band when topological 1D boundary states are absent and hence hybrid
skin-topological modes are also absent. This is illustrated in Fig. S5(a4).

FIG. S5. The first column shows the x-OBC/y-PBC and double OBC spectra with gray and black colors respectively. The
second (third) column shows the imaginary (real) part of the x-OBC/y-PBC spectrum as a function of ky. The fourth column
shows the summed squared eigenmode amplitude ρ(x, y) under double OBC. The parameters are (a) t′ = 0.1, (b) t′ = 0.2, and
(c) t′ = 0.3, with other parameters being δ1 = δ2 = 0.4, δ3 = δ4 = −0.6, tx = ty = 1. In (c1) we indicate the Chern number Cn
for each band.

The second topological phase transition occurs at t′ ' 1, where the energy bands touch each other at imaginary
axis when ky = π, as shown in Fig. S6. After this transition, a pair of chiral-like 1D boundary modes emerges in its
real spectrum [Fig. S6(c3)]. The Chern number is found to be Cn = 0 for each band in this case, suggesting that
the two pairs of boundary modes correspond to opposite chiralities, and are no longer protected by a Chern topology.
Nevertheless, in this model, the above-mentioned topological phase transitions are seen to occur only at ky = 0, π,
where the possible boundary modes cross each other at zero (imaginary or real) energy. Such crossing boundary
modes can be characterized by a Berry phase defined for an effective 1D Hamiltonian with ky taken as a parameter,

γn(ky) = i

∫
dk
〈ψLn |∂kx |ψRn 〉
〈ψLn |ψRn 〉

, (S8)
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at ky = 0 and π. A π Berry phase at either of these two points ensure the existence of 1D boundary states, and
hence hybrid skin-topological modes under double OBC. In Fig. S7 we illustrate the phase diagram of our model
regarding Cn, γn(0), and γn(π), which clearly indicates the above two topological phase transitions. Note that the
second transition does not eliminate the 1D boundary modes under x-OBC/y-PBC, therefore it does not affect the
hybrid skin-topological modes qualitatively.

FIG. S6. The first column shows the x-OBC/y-PBC and double OBC spectra with gray and black colors respectively. The
second (third) column shows the imaginary (real) part of the x-OBC/y-PBC spectrum as a function of ky. The fourth column
shows the summed squared eigenmode amplitude ρ(x, y) under double OBC. The parameters are (a) t′ = 0.6, (b) t′ = 1, and
(c) t′ = 1.4, with other parameters being δ1 = δ2 = 0.4, δ3 = δ4 = −0.6, tx = ty = 1.

FIG. S7. The Chern number Cn and Berry phase γn(ky) at ky = 0 and π, as functions of t′. In our model the Berry phase
always takes the same value for different band index n. Other parameters are δ1 = δ2 = 0.4, δ3 = δ4 = −0.6, tx = ty = 1.
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V: SS0 AND SSS MODES OF THE 3D MODEL

To realize a higher-order SS0 skin-skin hinge mode, we stack 2D layers with skin edge modes (S0) from before
[Fig. 2(e-g)], with symmetrized non-reciprocities δ1,2,4 = −δ3 = 0.8. The 1D edge modes from each layer combine
to form 2D (x̂-ẑ) surface modes in the 3D system, and are pumped into 1D hinge modes by the surface skin effect
induced by the nonzero net surface non-reciprocity. Indeed in Fig. S8(a), surface modes are driven toward the hinge
at (x, y) = (1, 10), while those already on the hinge are also driven by the edge skin effect toward a corner, reminiscent
of the cases in Fig. 4(b,c). Similarity, the SSS skin modes can be realized by stacking 2D layers with skin corner
modes (SS) of Fig. 2(b-d), as shown in Fig. S8(b). Note that in order to have skin effect along each direction, the net
non-reciprocity along z direction cannot destructively interfere in this case.
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FIG. S8. The total site-resolved density ρ(x, y, z) of 3D skin modes with tx,y = 1 and t′ = 2 in the model of H3D, with darker
and larger circles indicating larger normalized amplitudes, and color indicating sublattice localization. (a) SS0 hinge modes
from stacks of S0 skin edge modes, with δ1,2,4 = −δ3 = 0.8, and ẑ couplings given by tα = 1, δa,c = −δb,d = 0.8; and (b) SSS
corner modes from stacks of SS skin corner modes, with δ1,4 = −δ2,3 = 0.8, ẑ couplings given by tα = 1, δa,b,c,d = 0.8.
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