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Topology-Induced Spontaneous Non-reciprocal Pumping in Cold-Atom Systems with
Loss

Linhu Li,"[] Ching Hua Lee,> "[[] and Jiangbin Gong!:[f

! Department of Physics, National University of Singapore, Singapore 117551, Republic of Singapore
2 Institute of High Performance Computing, A*STAR, Singapore, 138632.
(Dated: October 9, 2019)

We propose a realistic cold-atom quantum setting where nontrivial energy-band topology induces
non-reciprocal pumping. This is an intriguing non-Hermitian phenomenon that illustrates how
topology, when assisted with atom loss, can act as a “switch” for non-Hermitian skin effect (NHSE),
rather than as a passive property that is modified by the NHSE. In particular, we present a lattice-
shaking scenario to realize a two-dimensional cold-atom platform, where non-reciprocity is switched
on only in the presence of both atom loss and topological localization due to time-reversal sym-
metry breaking. Such spontaneous non-reciprocal pumping is manifested by asymmetric dynamical
evolution, detectable by atomic populations along the system edges. Our results may trigger pos-
sible applications in non-reciprocal atomtronics, where loss and topological mechanisms conspire to

control atomic transport.

Introduction. — Cold atoms on optical lattices provide
a highly promising platform for demonstrating inter-
esting topological and many-body physics [I, 2]. Re-
cent advances in lattice shaking technology have enabled
unprecedented tuning of effective tunneling amplitudes,
leading to pioneering observations of various exotic topo-
logical states [3H9]. Beyond realizing conventional static
and Floquet topological phases [I0HIS], cold-atoms in
optical systems are also suitable quantum platforms for
simulating higher-order topological phases [I9H24] and
non-Hermitian effects [25H27], two classes of phenom-
ena of intense current interest. Indeed, non-Hermiticity
can be experimentally implemented through optically-
induced depopulating losses [27], and be fine-tuned to
exhibit non-Hermitian topological degeneracies [24] 28]
like exceptional points [29H33], lines [28] B4H4T] and sur-
faces [42,[43], all possessing rich geometric structure with-
out Hermitian analogs [44H40].

In this work, we propose the cold-atom realization
of a novel phenomenon where topological localization
in one direction spontaneously breaks the reciprocity
of a two-dimensional (2D) lattice system in the pres-
ence of atom loss, leading to non-reciprocal pumping in
the transverse direction. This is orthogonal in spirit to
much contemporary theoretical [A7H55] and experimen-
tal [56HE9] literature, which focuses on the breakdown of
conventional topological bulk-boundary correspondences
(BBCs) caused by non-reciprocal pumping i.e. the non-
Hermitian skin effect (NHSE). Our proposal instead il-
lustrates how nontrivial topology can conversely cause
non-reciprocal pumping, as illustrated in Fig. e). The
resultant topology-induced NHSE pumping, with non-
Hermiticity implemented via atom loss only, is marked
by corner mode accumulation scaling extensively with
the system length [60], fundamentally unlike higher-order
topological corner modes, Hermitian or otherwise [24 [61}-
[64]. Our results may stimulate further work on non-
reciprocal atomtronics, exploiting both atom loss and

topological mechanisms to control atomic transport. Re-
lying on a quantum platform, our proposal is also intrin-
sically poised for further exploring non-Hermitian effects
with tunable many-body interactions.

Our setup consists of an optically shaken lattice ac-
commodating cold atoms, designed such that lattice
anisotropy and antiphase shaking conspire to yield non-
trivial first-order topology generating one-dimensional
(1D) topological edge modes. The required atom loss
is introduced through selective depopulation, by exciting
the atoms into an excited state with a resonant beam.
Due to the extreme robustness of both Chern topology
and the resultant nonreciprocal pumping, our topology-
induced corner modes are stable across a large region in
the parameter space, as evident in Fig. (e). They can be
distinguished from higher-order topological corner modes
via their asymmetric dynamical evolution arising from
tspontaneously broken reciprocity (Fig. |4)).
2D optical lattice and model Hamiltonian. — Consider a
gas of Fermionic atoms in a two-frequency periodically
driven 2D superlattice formed by three directed optical
standing waves, described by the potential [Fig. [[[a)]
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where Ap/2 sets the lattice constant along the y-
direction. V, describes a static double-well potential
along the y-direction, realizable with two pairs of inter-
fering laser beams [65H68]. The other two potentials with
coeflicients V3 have oblique orientations determined by
B, and are time-dependent with oscillations controlled
by frequency w;y through z1(w1t) = —d; coswit, induced
by sinusoidally modulating the frequency difference be-
tween the interfering laser beams [3] [0 69H71]; and small-
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FIG. 1. (a) 2D optical lattice depicted by Eq.[1} with snapshot
taken when x1(wit) = 0 and V_(wat) = Vi (wat) = V4, /2. (b)
The corresponding lattice structure of (a), with its two sub-
lattices shaken in opposite directions (black arrows). (c) Ef-
fective 1D potential experienced by each sublattice along the
z direction, with | 1) and | |) pseudospins representing the s
and p, orbitals. Atoms in the | |) state are resonantly excited
to a third state |e), leading to loss. (d) Two-leg system (Eq.
for each sublattice (white/gray rows in Fig. b)), with yel-
low/green sites representing up/down pseudospins. (e) Mech-
anism for topology-induced non-reciprocal corner modes. The
reciprocity of the lattice is spontaneously broken when topo-
logical boundary modes localize on the upper/lower sublat-
tices along the upper/lower edge, such that non-reciprocal
pumping towards the right/left dominates.

amplitude driving with frequency ws through Vi (wat) =
Vayll £ Acos(wat + ¢)]/2, |A] < 1. These dynamical po-
tential modulations of dissimilar frequencies break TR

J

symmetry, and can induce Chern topology. In particu-
lar, the oppositely modulated Vi amplitudes gives rise to
a lattice of potential minima z{(¢) with its two sublat-
tices 7 = a, b (white, gray) shaken in opposite directions
[arrows in Fig. [[[b)]: 23(t) = z1(t) — da cos(wat + ¢, ),
where ¢, = ¢p + ™ = ¢ and effective shaking ampli-
tude dg = 2éiwtaun_1 [\/%A] [72]. While our setup is
valid for generic parameter values, we shall set § = 1,
Az = 532 nm in the numerics that follow, and consider
small shaking amplitudes ds = d;/20 = A1, /200 [73].

To obtain a suitable effective tight-binding Hamilto-
nian, we consider (unless otherwise stated) bi-chromatic
driving [9] with resonant frequency values wy = 2w; =
€sp. /R, €sp, the on-site energy difference between the s
and p, orbitals of the fermions. These orbitals are in
turn coupled by two-photon inter-orbital resonant cou-
plings [9} [70, [71] arising from a momentum term induced
by z-direction shaking, which do not couple different p,
orbitals. As such, p, orbitals are decoupled from the p,
and s orbitals, labeled as pseudospins | 1) and | ) respec-
tively. Finally, to introduce nontrivial non-Hermiticity,
on-site atom loss is asymmetrically introduced on the | )
state by using a resonant optical beam to transfer the
atoms to an excited state |e) [Fig. [[[c)] [27].

In the high frequency regime with small oscillation am-
plitudes, the Magnus expansion approximation gives the
effective static Hamiltonian H (k) = UT(k)hop (k) (k)
with UT(k) = (ﬂwﬂkvdikﬁik) creating states on a,b
sublattices and | 1), | J) pseudospins, and [72]

hop (k) = bl (k)oo + h, (k)os + hi (k)19 + h (k)T3,
(2)

hE(k) = —(2ts 4 cosky — Ax +ig)mo — {ta,y + o, [cosky + cos(ky — ko)]}m1 — th  [sinky + sin(ky — kg )] 72,

7 and o; (1 = 1,2,3) two sets of Pauli matrices act-
ing on the sublattice and pseudospin spaces respectively,
with 79 and o( their corresponding two by two iden-
tity matrices. The various coupling amplitudes t,,%q,
tra = (tra £t1a)/2 and ty , = (t, £t ,)/2 arise
from overlap integrals between the atomic orbitals, as
detailed in the Supplementary Material [72]. Since these
couplings do not connect different pseudospin and sub-
lattice components simultaneously, hop (k) can be visu-
alized as the lattice in Fig. [[{b) with each T € {a,b} row
represented by a two-leg lattice with couplings between s
and p, orbitals differing by a 7 phase i.e. p, = @y + 7 (
Fig.[{d)). The shaking-induced inter-orbital coupling ¢,

hy (k) = (t, cos)or + (tusing)oa, hf(k) = (2tasinks)o, 3)

(

and t; breaks the TR and inversion symmetries respec-
tively, giving rise to Chern topology [7]. Note that, non-
Hermiticity enters here through —igro(og—03), depicting
a loss mechanism acting only on the | |) pseudospin sec-
tor. This pseuedospin down sector is energetically offset
from the | 1) sector by A_. There is no atom gain intro-
duced to the system. The A, term represents an overall
energy shift that we can be neglected). For concreteness
in our numerics, we have considered a lattice loaded with
a Fermionic gas of 17®Yb atoms, although our scheme is
also applicable for other cold atoms.

Edge modes from topological localization. — In the static
(w1 = we = 0) Hermitian limit, our hop (k) system poss-
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FIG. 2. 2-PBC/y-OBC spectrum of hop without atom
loss. Almost degenerate chiral edge modes (red curves) re-
flect the Chern topology, with their presence/absence at
each k; depending on whether the nearly-quantized Berry
phases 7Y, ~Y are close to m or 0. Effective parameters are
o = /2 and {40, -0, b4,y byt yotl s A ta, T} =
{0.38,0.43,—0.11,—0.41,0.44,0.14,1.20, —0.11,0.19} hxkHz,
corresponding to the experimentally realistic parameters
Vay = 3E, = 3V, and wy = 2w1 = 10 x 27 kHz, with

B, = 7" — b x 4.1 kHz.
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eses sublattice symmetry, and is topologically nontrivial
with Z-quantized 1D Berry phase
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for each n-th band |uy,(ks, ky)). When TR symmetry is
broken through lattice shaking at nonzero we = 2w [72],
its resultant topological boundary modes along the y-
edge crossover to Chern chiral edge modes, analogous to
the zigzag-edge edge modes of Graphene or other hon-
eycomb lattices under a circularly polarized laser [74-
[76]. As evident in Fig. 2l with open boundary conditions
(OBCs) along y, these Chern edge states (red) are how-
ever only weakly separated due to the small shaking am-
plitudes and hence small inter-pseudospin coupling. This
weak coupling also yields almost quantized Berry phases
7Y and ~Y shown in Fig. The average Berry phase
Vi = Yk, Yo(ks)/Ny used later gives the ratio of the
total number of 1D edge modes to N, under z-PBC/y-
OBC, which turns out to be proportional to the corner
mode accumulation strength [60] and hence spontaneous
non-reciprocal pumping elaborated below.

Topology-induced nonreciprocal corner modes.— The non-
Hermiticity introduced by on-site atom loss does not
merely perturb the spectrum to complex values [Fig.
a)}. Interestingly, it also produces strong mode ac-
cumulation at two opposite corners, as conceptually
sketched in Fig. [Ife) and quantitatively plotted in
Fig. (b) Fundamentally unlike corner modes arising
from higher-order topology, our corner mode density
scales extensively with the system length, as elucidated in
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FIG. 3. (a) Imaginary and real parts of the 2-PBC/y-OBC
spectrum for nonzero loss with g = 0.2 hxkHz, color in-
dicating different bands. (b) The corresponding summed
eigenmode distribution psum(m7y), with corner mode densi-
ties > O(1), much greater than those of ordinary topological
corner modes. (c) Scaling of psum(x,y) with system length
N, at various positions indicated in (b), with the NHSE giv-
ing rise to linear i.e. extensive scaling at the corner (N, 1)
(blue), and to a smaller extent along an edge (Nz, Ny /2) (yel-
low), but not deep in the bulk at (N /2, N;/2) (purple) and
the other edge at (Nx/2,1) (red). (d) The x direction IPR for
different sublattices y as a function of inter-sublattice cou-
pling extent ¢, computed for N, = 40. While higher IPR”
(boundary accumulation) occurs at all y in the decoupled
(¢ = 0) limit, only the top/bottom-most sublattices still ex-
perience IPR® > 1/N, i.e. boundary (corner) accumulation
when ¢ increases. (e) Phase diagram showing anti/clockwise
topology-induced nonreciprocal pumping phases over a large
range of optical lattice parameters ¢ and Vi, /Vy 2 2.1. The
average Berry phase 7Y along the top edge y = 1 is nonzero
in the topological phases, where the IPRY for pseudospin-
up component also peaks. The shaking frequency is set as
2w1 = €sp, /1.

Fig. c) by the linear scaling behavior of the total mode
intensity poum(z,y) = 3, , [¥n(o,z,y)> with system
length N, at the nontrivial corner (z,y) = (N, 1). (or
at the other corner (1, N,), not shown). Since the num-
ber of topological boundary modes is fixed by the topo-
logical invariant, this extensive scaling of mode intensity
must have alternatively originated from some form of the
NHSE [77]. Indeed, we have realized one form of hybrid
corner modes [60] by exploiting atom loss.

To understand this enigmatic corner mode accumula-
tion, first note that the loss term —igry(og — o3) in the
| J) sector hardly changes the topological modes, as ev-
ident from comparing the Re[E] inset of Fig. [3(a) with
the dissipationless bandstructure in Fig. |2l With chosen
experimental parameters producing considerably weak
inter-orbital couplings ¢,, and 4, one can also largely con-
fine the damping effects within the | |) sector (orange in
Fig. f|(a) with large -Im[E]), and observe non-reciprocal
effects in the | 1) sector possessing almost real eigenen-



ergies.

We can obtain intuition about how these non-
reciprocal effects can be topology-induced from
a Gedanken experiment of tuning the couplings
(toystyy) = c(toy,ty,), where ¢ € [0,1] interpolates
between the decoupled limit and the full values of
these couplings. In the fictitious ¢ = 0 decoupled limit,
loy = tﬁ,’y = 0, and the system is decoupled into a series
of 1D two-leg ladders as in Fig. d), with g differing
by 7 between the sublattices a and b. Upon rotating
01, 02 and o3, the decoupled 1D two-leg ladders of
each sublattice resemble the Su-Schrieffer-Heeger (SSH)
model with non-Hermitian hoppings [72]. Hence they
exhibit extensive skin mode accumulation at either the
left (z = 1) or right (x = N,) edge. This is already an
interesting aspect of our optical lattice design insofar
as our system is reciprocal. The combined motion of
both sublattices is still reciprocal when sin p, = — sin ¢y
[72], which is automatically satisfied since ¢, — ¢p = 7.
Nevertheless, topological localization on one sublattice
breaks this delicate reciprocity.

The physical spatial eigenmode distribution is ob-
tained by restoring the t,, and t; , couplings, i.e. by
tuning c¢ from 0 to 1. This couples the two SSH-like sub-
lattices, leading to destructive interference of the equal
and opposite NHSEs unless both sublattices are not sym-
metrically occupied. Since the 7 = a,b sub-lattices of
our hep(k) take similar forms, bulk modes are necessar-
ily equitably distributed, and thus experience very little
residual non-reciprocal pumping and hence mode accu-
mulation. However, its topological modes along the top
(y = Ny) and bottom (y = 1) are intrinsically sublattice-
polarized. As such, we expect the top-most and bottom-
most rows of sites to experience equal and opposite un-
cancelled NHSEs, leading to extensive mode accumula-
tion at two of the four corners (Fig. [[{f)). This mode
accumulation within each sublattice row y can be quan-
tified by the inverse participation ratio (IPR) in the z
direction:
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with ¢, (o, z,y) the n-th eigenstate of the system, as plot-
ted for various rows y as a function of ¢ in Fig. d).
In particular, in the fictitious decoupled limit ¢ = 0,
IPR”(y) takes the same value for different y, indicative
of equally strong NHSE for each decoupled 1D two-leg
ladder. As c¢ increases to physically realistic values, the
ladders couple, and IPR*(y) rapidly decrease to the uni-
form limit 1/N, in the bulk (1 < y < N,), implying
full delocalization along the x direction. However, at
the bottom/top boundaries at y = 1, N, (blue curves),
IPR”(y) stabilizes at values much higher than 1/N, as ¢
is increased, thereby indicative of left/right mode accu-
mulation which, in 2D, gives corner mode accumulation

PR () = 3

€T

(5)

[Fig. [3[(b)]. The obtained non-reciprocal pumping can
be also regarded as a strong manifestation of topological
localization along y.

These observations are further digested in the phase
diagram of Fig. e). Intuitively, corner accumulation
should be expected if 1D edge states exist in the non-
dissipative limit, e.g., whenever the average Berry phase
7Y = 4§ of the least dissipative (4-th) band is non-
vanishing. In addition, Fig. Bfe) reveals that the cor-
ner mode localization, now quantified by the IPR% of the
| 1) sector only (since the least dissipative band is almost
| M)-polarized), also varies strongly with optical lattice
parameters ¢ and V,, /V,. Indeed, a weaker V,, indicates
stronger Hermitian couplings along the x direction, which
effectively weakens the nonreciprocal pumping. Also, the
NHSE completely disappears when ¢ = 0 or 7 restores
the TR symmetry. Since 7% = 0 when V,,/V,, 2 2.1 (i.e.,
no more edge states), most pronounced corner accumula-
tion occurs at moderate V4, /V,, and ¢ = +7/2, with the
sign determining the chirality of the corner accumulation.
Dynamical behavior from non-reciprocal pumping. —
While the IPR can measure the extent of in-
duced localization, its purported non-reciprocal ori-
gin has to be wverified through dynamical behav-
ior. We compare the time evolution of initial states
\I/ﬁ]/iR = Zzy Zg:’m wi{R(o,m,y)ﬂ’m’y\O) localized on
the left/right corners, i.e. ¥ (1,1,N,) = 1 and { (1
, Nz, Ny) = 1 respectively, with vanishing amplitudes for
| 1) and all other sites. For these two cases, the evolved
states at time ¢ are given by \I'tL/R = e_th/h\I/iLn{R.
The presence of topology-induced non-reciprocal pump-
ing can be saliently observed in snapshots of \IltL /R after
a fixed time t = ty. Figs. (a—d) illustrate the spatial
densities ptLO/R(x,y) =>. |1/JtLO/R(U,x,y)|2, o =1, for
a representative ty = 2 ms, with (a,c) showcasing pf’)
and (b,d) showcasing ptLO, as indicated by the vertical
dashed lines. In the presence of topological edge modes
(i.e. nonzero Y), the eigenstates are asymmetrically dis-
tributed across the sublattices, and are thus subjected to
asymmetric gain/loss as it spreads in either direction. As
illustrated in Figs. a,b) for the case with right-to-left
non-reciprocal pumping at y = N, row, V7 [Fig. b)]
spreads from the left corner towards the right, and is sig-
nificantly more attenuated than ¥F [Fig. a)] that is
launched from the left. On the other hand, when topo-
logical localization is absent [Figs. c,d)}7 both U and
UL dissipate rapidly with time, and do not even propa-
gate much along the boundaries albeit having the same
loss mechanism. This asymmetry in dynamical propaga-
tion can be further quantified through the decaying of
the population

nP R =3 o =N 1w o) P (6)
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FIG. 4. (a-d) Population distribution snapshots of the states

\I/tL/R after o = 2 ms of evolution with g = 0.5 hxkHz, as
experimental signature of topology-induced corner accumula-
tion. The initial state is prepared at (o, zo,y0) = (1,1, Ny)
in (a,c), and (T, Nz, Ny) in (b,d), as indicated by the dashed
lines. Pink arrows in (a,b) indicate the direction of corner
accumulation, with U® state spreading in the same direction
suffering less decay. For comparison, gray shadows indicate
the same states evolving without dissipation. Other param-
eters are ¢ = 7/2, V,, = 2E,, and (a,b) Voy = 3E,, w1 =6
kHz; (c,d) Viy = 4.5F,, w1 = 9 kHz. In (a), ¥¥ evolves
almost identically as the no-loss case and hence covering the
gray shadow. (e) Evolution of total population n®/® for cases
(a-d) with initial state launched from different corners and
topology. Case (a) i.e. ¥F with 5¥ > 0 (blue circles) decays
least, manifesting topology-induced non-reciprocal pumping.

0) phase, depicted by Fig. a), indeed gets to decay
the slowest. Both W7 WL in the non-topological cases
[Figs. c,d)} decays even faster than WX with ¥ > 0.

Discussion. —With most non-Hermitian effects real-
ized only in classical systems, simulating non-Hermitian
physics in tunable quantum systems is still in its in-
fancy. Via lattice shaking, we have proposed a versatile
quantum platform accommodating both topological band
structures and atom loss. In opposite conceptual flow to
existing literature focusing on non-reciprocal pumping as
a route towards unconventional topological BBCs, our
proposal instead shows how nontrivial topology, assisted
by loss, can induce non-reciprocal pumping.

Our large parameter space may afford further explo-
ration into various topical issues. In principle, the ef-
fective two-leg ladders of each sublattice possess 1D Z-
type topology, and hence also support topological edge
localization along the z direction. The combination of
such localizations along both x and y directions can lead
to higher-order topological corner modes [78] in an ex-
tended parameter range [72]. Our proposed system also
paves the way for exploring more exotic physics, such as
the interplay of many-body interaction, atom loss, and
topological phase transitions.
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Supplementary Materials

DERIVATION OF THE 2D TIGHT-BINDING MODEL

The lattice potential

Our cold-atom setup is described by a 2D superlattice formed by three sets of optical standing waves, described by
the lattice potential

V(z,y) =V, [2 sin? (gy) + 2 cos? (2;1/”

+2V_ (wat) Cosz{z[ﬂ(x —xy(wit)) +y/2] + %}

d
2V (wt) sin?{ S [B( — 21 (wnt) — /2 + T},
=Vy(— cos[%ry] + cos[%ry]) +2V,

Y (wnt) sin{%”[ﬂ(x — 21 (w1t)) + y/2}

V() sin{ [ — (1) — 920} + Vay,
(S1)

where z1(t) represents a uniform lattice position shaking along z direction,
x1(wit) = —dy cos(wit), (S2)

which can be induced by sinusoidally modulating the frequency difference between the two interfered laser beams [3|
9,[69H71]. The double-well potential V;, induces two sublattices in our system, allowing the emergence of 1D nontrivial
topology and edge modes along y-direction. The lattice constant along y direction is given by d = Ar/2 with Ap
the wave-length of the corresponding laser beams. The other two potentials V.. have oblique orientations determined
by [, which are mirror-symmetric to each other regarding the y-axis. Therefore, by tuning off and on these two
oblique potentials alternatively (through the wo driving), we can have the lattice structure switching between different
configurations, and the positions of the two sublattices shifting toward opposite directions, as shown in Fig. Here
we choose

_ L f(wst)

V.
+ D) )

(S3)

thus the switching between the two oblique potentials can be conveniently described by the varying of f(wqt) from —1
to 1. The explicit form of f(wst) will be defined in latter discussion when analyzing the shaking of the two sublattices.
We also note that while in the main text we have set 8 = 1, the following discussion is for a generic value of 3, unless
specified otherwise.

Positions of the lattice sites

We first derive the time-dependence of the effective lattice site positions by solving for the potential minima. The
partial derivatives of the potential V (x,y) give

oV(x,y) 2nf 2w B(x — 1) my . 2nB(x—x) . wy

T — Tny f(LUQt) COS ? COS F + Sin ﬁ Sin d B

ov 2 2 2 21V, 2 — 2 -

S0 2y, 1~ dc0s 22 sin 20— 2V f i 2L 200 Gy T 4 L) o T

(S4)
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FIG. S1. (a-c) The spatial profile of the optical potential of V(x,y), with 1 =0, V, = 1, and (V4,V_) = (1,0), (0.5,0.5), and

(0,1) from (a) to (c) respectively. (d-f) Sketches of the lattice structure corresponding to panels (a-c).

At oscillation turning points f(wst) = £1, the stationary points of the potential satisfy

2Bl —a) my 21z — ) sin Y _

:i:cosTc087 +smT 4 0,
2 2
(1 — 4 cos %) sin%y =0,

and the minima of V(z,y) are found to be at

2 2 1
%(xg,yg)nmny = [%(xl +d3) + (ny — 1)+ 2(ny — 1)m, arccos 1 +2(ny — 1)7T:| ,
2,y 2w b 1
(@0, 90)nem, = | (21 F d2) + (ny — 1) + 2(ng — L), (2w — arccos ) +2(ny — V|,
with
d 1
a __ _ gb _ -
ds = —d, 1n (arccos 1 ).

When f(wst) = 0, the minima of V(z,y) are found to be at

2T, 4w 2m 2r .
7(“3071'40)%,% = {Fxl + (ny — D)m + 2(ng, — 1), de +2(n, — 1)71'} )
2m 2m 2m

7( 0> Y0)mamy = {7331 + (ny — )7+ 2(n, — 1), Fdz +2(ny — 1)”] )

with dj and dz the first two minima of the potential at x = 0 and f(wst) =0,

™

dy +2Vy + Viy.

2 4
V(z =0,y) = V(- cos [gy] + cos {gy]) — Vaysin
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FIG. S2. Approximation of Eq. (S10) by a single fourier harmonic. The position shifting x% of the first unit cell with different

55 arctan [ \/5/3A cos(wat + gp)]
2/3% arctan [\/5/314}. The shaking of b sublattice is given

by x5 = —z2. Here we choose the lattice constant to be d =1, and 8 = 1.

values of A. The yellow solid lines are for the actual shifting obtained from Eq. (S10)), 2§ =

and the black dash lines are for 25 = —da cos(wat + o) with do =

Thus the f (wgt) driving induces an oscillation of y-minima with an amplitude of dyo = \da — i arccos

4| = |db
d+ ﬂ arccos g 1|, and an oscillation of z-minima with an amplitude of d, o = 4[3” (m — arccos 3 ) We can see that dy »
has a dependence on the ratio of V,/V,,, and is much smaller than d, » in the parameter region we consider (e.g.
dy2/dgs 2~ 1/7 for V,,, = 1.5V, and § =1 as chosen for Fig. 2 in main text), hence we shall ignore the shaking along
y hereafter, and denote d, > as dy for simplicity.

The time-dependent position of z{(t) = x1(t) + 23 (¢) with 7 € {a, b} is given by 0V (x,y)/0x = 0, which yields

xh =1 + 23,

d
xy = —— |arctan | — f(wat) cot Wi’} +2(n, — 7|, (S10)
287 d
with yj the y position of the 7 sublattice. As we have omitted the small shaking along y direction, here we use
2 1 2 1
%yg = arccos o + 2(ny — 1), ;ryo = 27 — arccos 1 +2(ny — 1), (S11)

i. e. the results from Eq. . As in the main text, we choose
f(wat) = Acos(wat + @), (S12)

with ¢ a phase factor, and the position shifting of =3 has a time period of 2. From Eq. we can also see that
x$ = —a8, which can be represented by a 7 phase difference of the phase factors of the two sublattices, ¢, = @y + 7.
By choosing wy = 2wy, we can realize the bichromatic tuning [9] with a = phase difference between the two sublattices,
except that the f(wst) driving corresponds to a position shift described by Eq. The amplitude of the ws oscillation

2[3% arctan [\/5/7314} .

While the actual form of the wy oscillation is given by Eq. 7 it is very similar to a cosine function, especially
when A is small, as shown in Fig. In the main text we have considered the case with ds = d/100, corresponding
to A =~ 0.05, where the position shifting is almost identical with a cosine function. Therefore, in the following
calculations we take ] = —d; cos(wit) — da cos(wat + @) with ¢, = ¢p + T = ¢, so that we can apply the high
frequency approximation to obtain a relatively simple tight-binding model.

can be controlled by tuning A or (3, resulting in a total amplitude of dy =

Effective Hamiltonian

Next we derive the time-dependent Hamiltonian of the above potential. The shaking of the lattice can be effectively
described by af = —d; cos(wit) — dg cos(wat + ¢, ), and each of the two sublattices corresponds to a series of two-leg
ladders with opposite shaking direction of ws. The stationary part of the whole 2D system can be given by the
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potential when each shaking component vanishes, i.e. f(wst) =0 and z; = 0, with the lattice structure given by Fig.
1(a) in the main text. Thus the static potential is given by

d

As each lattice site represents a minimum of the potential, we can do the Taylor expansion near it and keep up to
the 2nd order term. Due to the translational symmetry, here we consider the two lattice sites of the first unit cell
(ng,ny) = (1,1) as an example. The static lattice position is given by

(mg,s,yg,s) = <07 d;)7 (.1'8)8, yg,s) = (Ovd[;)v (814)
where dy and dg are the same as Eq. . Near these points the potential can be expanded as

2 4 2
Vatat (2, y) = Vy(— cos [Z;y] + cos {Wy]) — Vy cos {;ﬁx} sin %y + 2V, + V. (S13)

- . 2m2p%  ym o
Vitat(2,9) = V(20,5 Y0.5) + me? sin (Edy> a’
2 2 4 Vey . (T . -
eri? [ZVy cos <ddy> — 8V, cos (ddy> + Ty sin (ddyﬂ (y — dy)Q. (S15)

2 2 .
The corresponding wave-function of H = % + Vitat (2, y) takes the same form for the two sublattices, i.e.

/ 1 m\ 1/2 1/4 m MWy [mw
Vi, 1, = m (%) (wawy) / exp {—%(Wwéi +Wy512;)} H, ( n 5z) H, ( hyéy) , (516)

with d, = -7 5, 0y = Y—Y( s lz/y being the quantum numbers of the harmonic oscillators along = and y directions,

Hi(z) = (-1 L () (S17)

dzn

the Hermite polynomials, and

Vo . 2
Wy = my sin (gd;) Zﬂ,

2 1 2 4 &
wy = o — {Vy cos (;d;) — 4V}, cos <7Td7'> + & sin (Wdfﬂ (S18)

d d v

the effective frequencies of the oscillators, which take the same values for the two sublattices. The corresponding
energy levels are given by

1

1
Ey.,=h {wi(lw + o) +wy(ly + 3

. : )|+ VG015 (519)

This wave-function approximately gives the Wannier state of the system. Here the s orbital is given by (I5,1,) = (0,0),
and there are two p orbitals of p, : (I,1,) = (1,0) and p, : (I5,1,) = (0,1). However, as shown later, the inter-orbital
couplings are given solely by the periodic shaking, which involves only the first derivative of . Therefore p, orbital
does not couple with the rest two as they involve different y orbitals, and we shall only consider the subspace of s
and p, orbital in the following discussion. For simplicity, we shall refer to the p, orbital as p orbital hereafter. Note
that in the main text we have labeled the p and s orbitals as pseudopin up and down respectively, to give a simpler
picture of the system. In this supplementary material, however, we shall use the language of p and s orbitals, to have
a clearer description of how the two orbitals interact with each other under the periodic shaking.

With the above wave-function, we can now calculate the coupling strengths and construct a tight-binding model of
the system. While we consider a 2D system, the shaking of the lattice positions is mostly along z-direction for the
parameters we choose, making the lattice structure along y-direction irrelevant to the shaking-induced inter-orbital
couplings. This is because this shaking only induces a z-momentum term to the Hamiltonian, which commutes with
the y-component of the Wannier state. Since the coupling strength is given by the overlap integral of the Wannier
states and the Hamiltonian, the y-component shall only give a coefficient of unity to this term if the Wannier states
are of the same y-orbital at the same y-position, and 0 otherwise. Therefore, as the total position shaking z{ has a
dependence on the sublattice index 7 € {a, b}, we can use different effective Hamiltonians H™ for the two sublattices
to determine the shaking-induced couplings,

_ i+,

HT
2m

+V, <— cos [Z;Ty} + cos [?y]) — Vy sin [gy} cos [i;rﬁ[m - xg(t)]} +2V, + Vo (520)
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By transforming to the co-moving frame [9, [70l [79], 2 — x + a7 (¢), the Hamiltonians becomes H™ = Hgtoy + dH7 (¥)
with the same stationary part given by
2 4 2
Dz TP 27 4 N 27
Hypor = x2m Y 4 Vy <— cos {dy] + cos {dy}) — Vpy sin [Ey} cos {dﬁx} + 2V, + Vo, (S21)

which is consistent with the the stationary part of the original potential, given by Eq. (S13). The time-dependent
terms are given by

0H™ (t) = —widy sin(w1t)p, — wads sin(wat + @ )py. (S22)
Thus the tight-binding Hamiltonian is given by

HTB - Z Z {\I’T MMy 7’ t)\IIT,nm,”y - [\Pi,nm,ny J-Z,T(t)\llﬂnm,"y-‘rl + HC]}

Ng Ny T=a,b

Z a nl,ny Y )\I/b N, My + \I/b Mz, Ny Jy +(t)\1la7nx7’ﬂy+1 + \I/l,nz,ny Jz//,—(t)‘lla,nm—lmy'l‘l + H.C.], (823)

Nz, Ny
where I oy = (ﬂw,nyw’ ﬂw,nws), f;’a with 7 € {a,b} is the creation operator for the atom on lattice site (n,.,n,)

in orbital o € {p,s}, s and p correspond to the orbitals of (l;,1,) = (0,0) and (1,0) respectively. The K and J
matrices K (t) are given by

K. (t) = & —i[hg? sin(wit) + A sin(wat + m) ,

( (RSP sin(wit) + AP sin(wat + @, )] €s
o (t) = t, — i[hEP sin(wit) + AEP sin(wat 4 ¢,)]  i[h5F sin(wit) + B3P sin(wat 4 ¢, )]
BTN —i[h{P sin(wit) + hiP sin(wat + )] ts — i[h3% sin(wit) + hEsin(wat + 1))

tintra 0 tlnter 0
=P . = .
Jy < 0 t;ntra) ’ y,t < 0 t;r}‘fr) ) (824)

://dl'dng(x7y_yg)Hstatwa(xvy_y(7)—)7
//dxdyzbg T,y — yo) statwa( - B,y yO)
ld
h?a :hwldl//d:cdywa(x,yfyg)amﬂ)a'(l’* E7y7yg)—)’

-, ld
hj® = hwzdz//dxdy%(x,y — 43 )02¥e (T — 7Y Y0);

with

ti;ltra’ = — / / dxdyﬂh(% Yy — yg)‘HStath(x’ Y- y8)7

d
e = — / / drdys (2, y — yo) Htat Vo (v F 25V yo — d). (525)

Here ¢, is given by 1y, 1, with (I, 1,) = (1,0) [(0,0)] for 0 = p (s), and each of the first four integrals takes the same
value for 7 =a or b.

The tight-binding Hamiltonian can be written in terms of two sets of Pauli matrices and identity matrices, o; and
7, with ¢ = 0,1,2,3, acting on the sp-orbital space and the ab-sublattice space respectively. Here we rewrite the
Hamiltonian in momentum space, i.e.

Hrp(k) = Z Ul hrs (k) Wy, (526)
k

with Ul = (dp g, sk, bp ks bs x), and

hrg(ky, ky) = [E — 2ty ycosky — 2h7 , sink, sin(wlt)] 00To — QiLf’Jr sin k, sin(wat + ¢)opTs

€sp

2
+ [he? sin(wit) + 2h7P cos ky sin(w1t)] o210 + [ilf)p sin(wat + @) + 2157 cos k, sin(wat + w)} O9T3

+ [ 2t cosky —2h7 _sink, sin(wlt)} 03Ty — 2%71”’7 sin k, sin(wat + ¢)o373

—{tyy + 1., [cosky + cos(ky — ku)|}oor —t', , [sinky, + sin(k, — k;)] o072

—{t_y +1t_, [cosky + cos(ky — k.)|}osm —t_ , [sinky, + sin(k, — k)] 0372, (S27)
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with
_ €p + €5
E:Ta €sp = €p — €5,
tp :l:ts tipntra :l:tisntra , t;)nter :l:tisnter
It = 5 lty = T gy, = T
o _MPERY o BT ERY
1,+ — 2 ’ 1,+ — 2 .

Finally, following Ref. [9], we consider the effects of the photon-assisted inter-orbital resonant coupling, and obtain
the Hamiltonian in a rotating reference frame with frequency we = 2wi, taking a unitary transformation of

U(t) = cos(%t)aom - isin(%t)ogm. (S28)
The final Hamiltonian takes the form of
B (ke ky) = [€— 2t4 5 cosky — 2T | sink, sin(wit)] o079 — 2l~zf,+ sin k, sin(wat + ©)ooTs3

+ [(esp — hws) /2 = 2t_ 4 cos ky — 2h§ _ sin k, sin(wit)] o370 — 2?1?7_ sin k, sin(wat + @)osTs
+ cos(wat) [hg! sin(w1t) + 2hT* cos ky sin(wit)] 027y + cos(wat) [fzgp sin(wat + ) + 2h5P cos k, sin(wat + <p)] O9T3
+ sin(wat) [hy! sin(wit) + 2k cos ky sin(wit)] o170 + sin(wat) {ESP sin(wat + @) + 2157 cos k, sin(wat + go)} o173
—{tyy + 1t [cosky +cos(ky — ki)]}oom —t, , [sink, +sin(ky, — k;)] oo

—{t_y +1t_, [cosky + cos(ky — ku)|}osT — ", [sink, + sin(ky, — k)] 0372 (529)

Next we consider the high frequency regime of the oscillation, where the effective Floquet Hamiltonian can be given
by the Magnus expansion approximation,

o [ hn
het = ho + [niﬁwl] (S30)

n=1

where h,, is the nth Fourier component of higz(k), i.e.

g = Y hne™ (S31)

Specifically, we have
ho = [€ — 2t4 5 cosky] oo + [(€sp — hwa)/2 — 2t_ 4 cos ky] o370
+%(58p + 2057 cos k) [sin(p) oy + cos(@)or] T3
—{tyy +1t, [cosky + cos(ky — ky)|}oom —t, , [sinky, + sin(ky, — k)] o072
—{t_y +t_, [cosky + cos(ky — ku)|}osmi —t_  [sink, + sin(k, — k;)] o372,
hy =ih{ , sink,0070 + ih{ _sink,o370 + i(hf)p + 2h3? cos k) (o1 + i02)To
hy = zﬁf+ sin kye*Pogrs + zﬁ"f7 sin kye'? o373

h3 = (h8p+2hi‘n COSkz)(Ul +i02)7‘0

L
4

1 - ~ .
hy = _Z(hgp + 2h3? cos ky)e'? (o1 + io2) T3, (S32)

and h_,, = hl,. Thus the effective Hamiltonian is given by
T _hg"sin(k,) + hi _hi" sin(2k,)
fuwy
N (hgP)? + 4hePRIP cos(ky) + 2(RIP)? + 2(h5F)? cos(2k,)
3w
(hgP)2 + 4RSP RSP cos(ky) + 2(RP)2 + 2(h5P)? cos(2k,,)

+ lﬁhwl g373. (333)

heff = hO -

0270

g370
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With hw; > AP > h3P, and h7® > h¢?" (providing d; >> dy), the Hamiltonian is approximated as
2hgP hi?
3hw

+ty cos ky [sin(p)os + cos(p)o1] T3 — 2tg sin(ks )oa7o
—{tyy + 1t} [cosky + cos(ky — ky)]}oori —t), , [sinky, + sin(k, — k,)] 0072

het = [Ay — 2ty ycoskg] oo + |A- —2(t_ 5 — )cosk, | o370

—{t_y +1t_, [cosky + cos(ky — ky)|}osm —t_ , [sink, + sin(k, — k)] 0372, (S34)
with
) (heP)?
AL =¢ A_ =(esp—2hw1)/2+ 37(i)w1 ,
_ 1"’sp _ %,—h’gp
b =g’y ta= 2,

-
Note the here the term 2’;%;; is added to t_ ,, thus it also contributes to the intra-orbital couplings of ¢, and
2h37h3P 2h37 h3P

ts along x direction. The parameters ty 5, t) 5, and {_; in the main text are given by ¢, — =57, s + =55,
and t_ ; — 2’;(3;;&? of the above discussion respectively. Finally, we note that when V} is much larger than V,,, the

couplings along y-direction become extremely weak, and the 2D model reduces to a series of decoupled 1D chains
analogous to that of Ref. [9].

EDGE STATES WITH INTER-ORBITAL COUPLINGS AND ATOM LOSS

Here we elaborate on the Gedanken experiment of tuning the inter-sublattice couplings, as introduced in the main
text. When the shaking frequencies w; = wy = 0, the two orbitals are decoupled, resulting in two 2 x 2 subsystems
described by

hp(k) = —(2tpo cosky — €5)70 — {tpy + 1, , [cOs ky + cos(ky — ku)|}m — 1, [sink, +sin(k, — k)] 72 (S35)
and
hs(k) = —(2ts .z cosky — €5 + 2ig)T0 — {tsy + 1, , [cosky + cos(ky — kg)]}1 — ti , [sink, + sin(k, — k;)] 72 (S36)

for the two orbitals respectively, each of which possesses a 1D Z-type topology due to the absence of the third Pauli
matrix 73. Consequently, under x-PBC/y-OBC, the system shall have a pair of degenerate edge modes for each
subsystem in a certain range of k,, as shown in Fig. (a). The high-frequency shaking we consider couples the two
orbitals through the photon-assisted inter-orbital resonant couplings and mixes the energy bands of the two orbitals,
as shown in Fig. [S3|(b). On the other hand, by comparing Figs. [S3{a) and (b), we can see that the region of k, that
hosts 1D edge modes remains roughly unchanged, except for some k, the edge modes overlap with the bulk bands,
due to the mixing of the bands. Therefore we can still use the Berry phase for this decoupled scenario to characterize
the edge modes under nonzero frequencies wy and ws.

By introducing atom loss to the s orbital, the two pairs of energy bands, mainly given by the two orbitals respectively,
acquire different imaginary energies and thus possess an imaginary gap, as shown in Fig. (S3)(c,d). The edge modes
are now once again fully separated from the bulk bands, while their existence is almost not affected.

NON-HERMITIAN SKIN EFFECT OF THE EFFECTIVE 1D HAMILTONIAN OF THE TWO-LEG
LADDER ALONG z DIRECTION

As discussed in the main text, when tuning off the coupling along y direction, the 2D system we consider can be
viewed as a series of two-leg ladders of the two sublattices a and b. For each sublattice 7 = a,b, the effective 1D
Hamiltonian is H{j) = >k, \III’kI hi5 (k)W sk, , with

hiE (ky) = —(2t4 5 cos ky +ig)og + (L, cos pr)oq
+(ty sin g, + 2tgsink,)oo
—(2t_ ycosk, — A_ —ig)os, (S37)
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FIG. S3. Spectra under z-PBC/y-OBC, with (a) w =0, g =0, (b) w = 6 kHz, ¢ = 0, and (c¢,d) w = 6 kHz, g = 0.2 hx kHz.
The optical potential is chosen as V,, = 2FE, and V,, = 3E,.

with \ilikm = (ﬁr,kz’ﬂ,kz)’ and ¢, = ¢p + ™ = ¢. In the simplest case of p = 7/2, the system possesses only two of
the three Pauli matrices, and is exactly equivalent to the Su-Schrieffer-Heeger (SSH) model [80] upon a basis rotation
03 — 09 — 01 — 03 and a 7/2 shift of the quasi-momentum k,. With this rotation, the non-Hermitian term of igos
in Eq. is transformed into the usual non-reciprocal coupling igos for the SSH model, which is associated with the
NHSE [47]. Through such basis rotations, we can show that the NHSE generically occurs whenever non-Hermiticity
and TR breaking are simultaneously present, even if not within the same coupling, as in dissipative on-site mechanisms
on a TR-broken lattice [81].
The eigenenergies of the effective 1D Hamiltonian are given by

EL(ky) = — (240 cos kg +ig) & \/fo + f1(ks) + 13 (k). (538)

with
fo=12+A% —g® +2iA_g,
filks) = 4t§ sin? k, + 4t2_7x cos? ky — AA_t_ , cosky — dit_ 4gcos kg,
fa (ky) = 4ty tgsin o, sin k. (S39)

The non-Hermitian skin effect (NHSE) in this system can be described by a non-Bloch variation of the Hamiltonian,
H(k+ ik,), which recovers the OBC spectrum (exact for possible topological edge states), and the imaginary flux x,
has an correspondence to the inverse localization length of the skin localization [46], 511, [60]. In our model, we can see
that the eigenenergies satisfy

E4 (ky + iky) = BY (—ky — iky), (S40)

which suggests that the two-leg ladders of the two sublattices correspond to opposite skin-localization lengths, i.e.
opposite directions of the nonreciprocal pumping.

REFLECTION OF THE NON-RECIPROCAL PUMPING IN A FINITE-SIZE SYSTEM

In a finite-size system, the non-reciprocal pumping along = direction of a prepared state will eventually reach the
boundary of the system. Unlike 2D topological chiral edge states which circularly move along the 1D boundaries, the
motion of a wavepacket in our system is governed by a different mechanism and will be reflected when hitting the
boundary. The wavepacket shall move towards the opposite direction hereafter, and hence suffers a different decaying
rate.

In Fig. a,b), we illustrate the spatial densities at different evolution time for U*/% defined in the main text. As
we can see, in both cases the prepared states hit the other ends of the system at ~ 4 ms. After that, the wavepacket
begins to move toward the opposite direction, which can be see from its average = position shown in Fig. e). In
Fig. c,d) we demonstrate the population distributions n(t) of the two cases, and their time derivatives. We can
see that U decays faster after ~ 4 ms as it now moves against the non-reciprocal pumping direction [pink arrows
in panel (a,b)]. On the other hand, in contrast to Wg, the decaying rate of ¥Z does not change dramatically for the
same evolution time. This is because both of WX/E also slowly diffuse into the bulk in the evolution, and since WE
decays faster at the boundary, its diffusion is more dominated. As in our system the non-reciprocal pumping is only
along the boundaries, a wavepacket diffused into the bulk is no longer governed by this mechanism.
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FIG. S4. (a,b) Population distribution of the evolved states \I/tL /R (indicated by the dash lines) at different ¢, as labeled in
the figures. The pink arrows show the direction of the non-reciprocal pumping. (b) Total population as a function of ¢ the

evolution time, for the two cases of (a) and (b). (c¢) The time derivative of the total population, and (d) The average x position
of the wavepacket as a function of time, corresponding to the same legend as in (c).
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FIG. S5. The spectra of the system (a) with and (b) without zero-energy topological corner modes, the distribution of the
corner modes are indicated in the inset of (a). The parameters are chosen as t4 . =t_, =t_ , =g =0, ¢ = 7/2, t2, =1,
t4+y =05t ,=1,%t =1, and t4 = 2 and 0.3 for (d,e) respectively.

SECOND-ORDER TOPOLOGICAL PHASES OF THE 2D LATTICE WITHOUT DISSIPATION.

Here we discuss the connection between our setup and second-order topological corner modes, which also appear
in a geometrically similar lattice. Such second-order modes, which are not the focus of our work, can only be
mathematically realized by extending the parameters of our setup to physically not-so-realistic values.

In our construction, the effective two-leg ladders within each sublattice are analogs of the SSH model at ¢ = +7/2,
hence they possess 1D Z-type topology and support topological edge localization also along the x direction. These
topological edge modes cannot induce non-reciprocal pumping along y direction, as the atom loss considered here
does not induce to NHSE along that direction. However, the combination of topological edge localizations along the
x and y directions can lead to 2nd-order topological corner modes [19, 20} [78] in an extended parameter range, as

shown in Fig. The existence of these 2nd-order topological corner modes in Fig. a) is protected by the band
gap at the zero energy.



	Topology-Induced Spontaneous Non-reciprocal Pumping in Cold-Atom Systems with Loss
	Abstract
	 Acknowledgments
	 References
	 Derivation of the 2D tight-binding model
	 The lattice potential
	 Positions of the lattice sites
	 Effective Hamiltonian

	 Edge states with inter-orbital couplings and atom loss
	 Non-Hermitian skin effect of the effective 1D Hamiltonian of the two-leg ladder along x direction
	 reflection of the non-reciprocal pumping in a finite-size system
	 Second-order topological phases of the 2D lattice without dissipation.


